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Abstract
This paper develops the basic theory of quotients of uniform spaces via sufficiently nice group actions. We generalize and unify
two fundamental constructions: quotients of topological groups via closed normal subgroups and quotients of metric spaces via
actions by isometries. Basic results about inverse limits of topological groups are extended to inverse limits of group actions on
uniform spaces, and notions of prodiscrete action and generalized covering map are introduced.
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1. Introduction
The notion that quotients of uniform spaces always have a uniform structure compatible with the quotient topology
has been described not only as being false, but “horribly false” [11] and leading to “unavoidable difficulties” [13].
Yet the situation is not as horrible or hopeless as these characterizations suggest. To give up on quotients of uniform
spaces simply because such quotients do not always have a compatible uniform structure is a bit like giving up on
quotient groups because the quotient via an arbitrary subgroup may not have a compatible group structure. Clearly
additional assumptions are needed to make things work, but there are very natural situations involving the two most
important kinds of uniform spaces—topological groups and metric spaces—in which quotients do have very natural
compatible uniform structures. Quotient groups are certainly an uncomplicated and fundamental part of the theory of
topological groups, while quotients via reasonable actions and gluing operations are staples of differential geometry
and geometry of metric spaces. We will treat gluing operations in a later paper; the purpose of this paper is to unify,
significantly generalize, and extend the theory of the other two well-known kinds of quotients.
One definite purpose of this paper is to lay some of the groundwork for joint work with Valera Berestovskii [3]
extending to uniform spaces, and hence metric spaces, the covering group theory of [1]. If [1] is any guide, the theory
should work for a very general class of metric spaces, including all uniformly locally arcwise connected metric spaces,
and hence all geodesic spaces. However, even if one is mainly interested in metric spaces, there is no chance that one
can get by only with isometric actions and quotient metrics (see Example 49); hence additional motivation for working
with uniform spaces and not just metric spaces.
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on a uniform space and show that such actions always result in a quotient space with a (unique!) compatible uni-
form structure. After proving some basic results about such actions we further strengthen the definition and consider
“isomorphic” actions, which directly generalize isometric actions of metric spaces and the left action of a subgroup
of a topological group with right uniformity. With an eye on [1], where a cover of a Hausdorff topological group is
defined to be a quotient homomorphism via a central, prodiscrete subgroup, we define a notion of prodiscrete action
on a uniform space. We define a (generalized) cover of a uniform space to be a quotient via a prodiscrete, isomorphic
action. While complete groups that act prodiscretely on uniform spaces must be prodiscrete, the definition of prodis-
crete action involves both the topology of the group and the action on the uniform space. Note that generalized covers
and fundamental groups of locally bad spaces have been lately of interest (see, for example, [4–7,17,18]). An impor-
tant feature of our definition of generalized cover is that there is a nice action built into the definition, and it is from
this action that stronger properties, such as lifting and universal properties, will ultimately be derived. More careful
comparison of our definition with these other alternatives will be postponed until the full covering space machinery is
developed in [3].
Finally we develop the theory of inverse limits of equiuniform and isomorphic actions of uniform spaces, general-
izing the main results for inverse limits of topological groups that may be found in [7,1]. We mention two in particular:
First is the theorem that any cover resolves into an inverse limit of discrete covers (Theorem 48), which generalizes
to uniform spaces the essential Proposition 80 of [1]. Second is a result not explicitly stated for topological groups in
[1], but which would have simplified some of the proofs there: that the inverse limit of covers is a cover, provided the
projections from the inverse limit are surjective (Theorem 44).
2. Basics
André Weil invented (his chosen word, see [20, p. 341]) uniform spaces in 1937 [19] as a general class of spaces
that includes both topological groups and metric spaces and permits one to study uniform convergence. Rougly the
idea is to replace the notion of neighborhood with the notion of an entourage, which is a kind of uniform bundle of
neighborhoods (one may equivalently consider a uniform structure to be a collection of open covers with a certain
additional properties, see [11]). The entourages in a uniform space have a beautiful semigroup structure that, it seems,
has not been sufficiently exploited in mathematics, although in the case of topological groups this structure was used
by Gleason in solving the finite dimensional Hilbert Fifth Problem. (While the underlying group structure was used
to define what are now known as Gleason semigroups, the semigroup structure ultimately derives from the uniform
structure, not the group structure, as will be seen below.)
Definition 1. Let A be a set and E,F be subsets of A×A. We define the product of E and F to be
EF := {(x, z) ∈ A×A: for some y ∈ A, (x, y) ∈ E and (y, z) ∈ F}.
Some authors denote the above set EF by FE, reflecting the convention used for composition of functions. Note
that (x, y) ∈ D(EF) if and only if for some z ∈ A we have (x, z) ∈ D and (z, y) ∈ EF . In other words, there ex-
ist z,w ∈ A such that (x, z) ∈ D,(z,w) ∈ E, (w,y) ∈ F . But this is equivalent to (x, y) ∈ (DE)F . Therefore the
associative law holds. It is clear that if E ⊂ G then EF ⊂ GF and therefore by definition this product makes the
collection of subsets of A × A a partially ordered semigroup with respect to set inclusion. (While the diagonal
ΔA := {(x, x): x ∈ A} is the unique identity for this semigroup, this fact does not seem to be particularly useful
and is slightly misleading; for example, it may happen that F 2 = F when F is not the diagonal.) When it is true that
if (x, y) ∈ E, then (y, y) ∈ F (1)
we clearly have E ⊂ EF , with a similar statement for F . We will frequently be interested in the case when the subsets
contain the diagonal ΔA. In this case it is always true that E,F ⊂ EF .
Notation 2. If E is a symmetric subset of X ×X, we will write
B(p,E) := {q ∈ X: (p, q) ∈ E}= {q ∈ X: (q,p) ∈ E}
2432 C. Plaut / Topology and its Applications 153 (2006) 2430–2444for p ∈ X, which we will refer to as the E-ball centered at p. The E-ball centered at A ⊂ X, B(A,E) is defined
similarly.
A uniform space X with uniformity E is a set X with a non-empty collection E of subsets containing the diagonal
ΔX in X ×X satisfying the following properties:
1. If E,F ∈ E , then E ∩ F ∈ E .
2. If E ⊂ F and E ∈ E then F ∈ E .
3. If E ∈ E then Et := {(x, y): (y, x) ∈ E} ∈ E .
4. For any E ∈ E there is some F ∈ E such that F 2 ⊂ E.
Note that the empty set has a uniformity consisting only of the empty set. Of course by iteration we may find for
any n ∈ N an F such that Fn ⊂ E. If (x, y) ∈ E we will say x and y are E-close. The E-balls induce a topology on
X, namely a set U in X is defined to be open if for every x ∈ U there is some E such that B(x,E) ⊂ U . On the other
hand, given a topological space X if one takes the set of all sets containing an open set containing the diagonal then
this collection satisfies all of the above properties except Property 4 and induces the original topology on X. Therefore
the critical difference between a topological space and a uniform space is Property 4. While open sets allow one to
measure closeness to specific points, elements of E allow one to measure closeness uniformly throughout the space.
The topology of X is Hausdorff if and only if the uniformity is “separated” in the sense that the intersection of all
sets in E is the diagonal. Note that the same topological space may have distinct uniformities inducing the topology.
A Hausdorff topological space has a (compatible) uniformity if and only if it is completely regular. A uniformity base
is any collection of sets containing the diagonal satisfying Properties 3, 4 and Property 1′: For each E,F ∈ E there is
some G ∈ E such that G ⊂ E ∩ F . One can then obtain a uniformity by taking finite intersections and supersets.
Notation 3. The sets of a uniformity are traditionally called entourages; however, we will reserve this name only
for those sets in the uniformity that are symmetric. It is sufficient to work with symmetric sets because these sets
form a uniformity base, and it will be very convenient to do this. For simplicity we sometimes denote the entourage
X × X by X. Carrying this convention further, given a function f :X → Y between uniform spaces we will denote
the function f × f by f . For example, if E is an entourage in X we will simply write f (E) rather than (f × f )(E);
the latter notation becomes particularly cumbersome when dealing with compositions of several functions or inverse
images of sets and no confusion should result in the (frequent) contexts where the simpler notation is used.
Notation 4. When we say that a uniform space X is “discrete” this will mean that it is “uniformly discrete” in the
sense that the diagonal in X is an entourage. Equivalently there exists an entourage E such that for every x ∈ X,
B(x,E) = {x}. For example the real subset { 1
i
}i∈N with the induced metric is a discrete topological space but not a
discrete uniform space.
A function f :X → Y between uniform spaces is uniformly continuous if for every entourage F in Y there is an
entourage E in X such that f (E) ⊂ F . Rewriting this definition using entourages Eε in Y and Eδ in X recovers the
classical definition of uniform continuity for metric spaces. In general f is uniformly continuous if and only f−1(E)
is an entourage in X for any entourage E in Y . A uniformly continuous function is continuous with respect to the
underlying topologies.
There are two well-known examples of uniform spaces. Pseudometric spaces are uniform spaces for which a base
for the uniformity is sets of the form Eε := {(x, y): d(x, y) < ε} for all ε > 0. The E-balls for this base are simply
ε-balls, and the pseudometric is a metric if and only if the uniformity is separated. Symmetry of the pseudometric
implies that the sets Eε are symmetric, and the triangle inequality implies Property 4.
Topological groups are uniform spaces having a base consisting of sets of the form
E(U) := {(x, y): xy−1 ∈ U}
where U is a symmetric open set (U−1 = U) about the identity. With this uniformity the open sets in the group are
right translates of open sets containing the identity. One can also define a “left” uniformity using left translation,
but for reasons that will become clear below it is notationally simpler for us to use the right uniformity. These two
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the case (cf. [8, Exercise 4, p. 306] for a locally compact example).
A subset S of a uniform space X has a natural induced uniformity given by intersecting entourages with S × S.
Arbitrary products of uniform spaces have a natural uniform structure compatible with the Tychonoff topology such
that the projections are uniformly continuous.
Definition 5. A surjection f :X → Y between uniform spaces is called bi-uniformly continuous if the image of every
entourage is an entourage and the inverse image of any entourage is an entourage. That is, f is uniformly continuous
and if E is any entourage of X then f (E) is an entourage of Y . If f is not surjective then it is called bi-uniformly
continuous if it is bi-uniformly continuous onto its image with the subspace uniformity.
Lemma 6. A function f :X → Y between uniform spaces is bi-uniformly continuous if and only if the entourages
in f (X) ⊂ Y are precisely the sets f (E) where E is an entourage in X. In particular, given a surjection g :X → Z
where Z is a set, there is at most one uniform structure on Z such that g is bi-uniformly continuous.
Proof. If f is bi-uniformly continuous then the sets f (E) are by definition entourages. If F is an entourage in Y then
D := f−1(F ) = f−1(F ∩ (f (X)× f (X)))
is an entourage in X and F ∩ (f (X)× f (X)) = f (D). The converse is obvious, since E ⊂ f−1(f (E)). 
There may be no uniformity satisfying the conditions of Lemma 6; in fact, quotients of uniform spaces, with the
quotient topology, may have no uniform structure [11] at all. Given any topological space with two nonequivalent
uniformities, one finer (larger) than the other, the identity function from the finer one to the other is a homeomorphism
that is uniformly continuous but does not have uniformly continuous inverse (see [13, p. 102] for a concrete example)
and therefore is not bi-uniformly continuous. A bi-uniformly continuous bijection between uniform spaces will be
called a uniform homeomorphism.
Since inverse limits are an important part of this paper we will review some facts about them. More details may be
found in [8]. Let {Xα,φαβ}α∈Λ be an inverse system of uniform spaces indexed over a directed set Λ. This means that
the functions φαβ :Xβ → Xα , α  β (called the bonding maps) are uniformly continuous and satisfy, for α  β  γ ,
φαβ ◦ φβγ = φαγ . The inverse limit of this system is the subset X := lim←−Xα of the product uniform space
∏
α∈ΛXα
consisting of all (xα) such that when α  β , xα = φαβ(xβ). The restriction to X of the natural projection of ∏α∈ΛXα
onto Xα will be denoted by φα , and will also be referred to as a projection; these functions are uniformly continuous.
The uniformity on the inverse limit is the subspace uniformity induced by the product uniformity on
∏
α∈ΛXα ;
more importantly for our purposes, a base for this uniformity consists of all sets of the form φ−1α (E) where E is an
entourage in Xα and α ∈ Λ. Given an inverse system {Xα,φαβ}α∈Λ of uniform spaces, the inverse limit with respect
to any cofinal subset of Λ is naturally uniformly homeomorphic to the inverse limit with respect to Λ.
Lemma 7. Let {Xα,φαβ}α∈Λ be an inverse system of uniform spaces having bi-uniformly continuous bonding maps.
If each of the projections φα is surjective then each φα is bi-uniformly continuous.
Proof. Note that each φαβ is also surjective. Let F := φ−1α (E), where E is an entourage in Xα , be a base element of
the uniformity on X := lim←−Xα . If β  α then since φβ is surjective
φβ(F ) = φβ
(
φ−1β
(
φ−1αβ (E)
))= φ−1αβ (E)
which is an entourage. If β  α then we have
φβ(F ) = φβα
(
φα(F )
)= φβα(φα(φ−1α (E)))= φβα(E). 
Recall that a filter is a family of subsets E ={Fλ}λ∈Λ satisfying Properties 1 and 2 in the definition of uniformity.
A filter F in a topological space X is convergent to x ∈ X if F contains every open set U containing x. For example,
given a sequence (xi) in X, the elementary filter of (xi) consists of all subsets F of X such that xi ∈ F for all large i.
Then (xi) is convergent to x in the usual sense if and only if the elementary filter of (xi) is convergent to x. In a uniform
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called Cauchy if its elementary filter is Cauchy. The image of a Cauchy filter via a uniformly continuous function is
again Cauchy.
A uniform space is called complete if every Cauchy filter is convergent. Complete subspaces of Hausdorff spaces
are closed and closed subspaces of a complete uniform space are complete. Inverse limits of complete uniform spaces
with uniformly continuous bonding maps are complete. Additional background and some results about quotients in
special cases may be found in [9,10,12,16].
3. Equiuniform actions
We will use the following notation for actions. Let G be a group of bijections of a set X. We will denote the
evaluation map by α :G × X → X, where α(g, x) = g(x). As usual the group G is said to act freely if only the
identity map in G has a fixed point. The action is transitive if Gx = X for some, and hence all, x ∈ X. The orbit
space X/G is defined to be the set of all orbits Gx := {g(x): g ∈ G} and the quotient map is π :X → X/G, where
π(x) = Gx. For any x ∈ G let φx :G → Gx be defined by φx(g) = g(x). If G is a topological group and H is a
subgroup of G acting on G by right translations then the orbits Hx are precisely the left cosets xH , and the notation
G/H is consistent, meaning both the orbit space and the coset space.
If G is a group of bijections of a set X and H is an normal subgroup of G then G/H acts on X/H via (Hg)(Hx) =
Hg(x). It is easy to check that each Hg is a well defined bijection of X/H and Hg = Hk as functions if and only if
Hg = Hk as cosets. We will refer to this action as the quotient action.
Definition 8. Let G be a group of bijections of a uniform space X. We will call G equiuniform, or say G acts
equiuniformly, if for each entourage E of X there exists an entourage F of X such that for all g ∈ G, g(F ) ⊂ E.
Note that it follows from the definition that the bijections in an equiuniform group must be uniform homeomor-
phisms. In the case of a metric space an equiuniform group G of uniform homeomorphisms is one such that for every
ε > 0 there exists a δ > 0 such that if d(x, y) < ε then for all g ∈ G, d(g(x), g(y)) < ε. Therefore equiuniformity is
a kind of uniform equicontinuity. Any group of isometries is clearly equiuniform.
Example 9. Consider the group G of bijections of the positive reals with the standard metric consisting of f (x) = 1
x
and the identity. Since both functions are continuous this group is equicontinuous at every point, hence G is equicon-
tinuous. However, since f is not uniformly continuous G is not equiuniform.
Lemma 10. Let G be a group acting equiuniformly on a uniform space X. For any entourage E in X there exists an
entourage F in X such that if (Gx,Gy) ∈ π(F) then for some g ∈ G, (g(x), y) ∈ E.
Proof. Let F be an entourage such that for all g ∈ G, g(F ) ⊂ E and suppose that (Gx,Gy) ∈ π(F). This means that
for some g1, g2 ∈ G, we have (g1(x), g2(y)) ∈ F . But then (g−12 g1(x), y) ∈ E and the proof is finished. 
Theorem 11. If G acts equiuniformly on a uniform space X then
U := {π(E): E is an entourage in X}
is the unique uniformity on the quotient X/G such that the quotient map π is bi-uniformly continuous. Moreover, π
is a open mapping and the topology of U is the quotient topology.
Proof. For the first statement we may use Lemma 6 and we need only show that this collection satisfies the axioms
for a uniformity base. The only nontrivial part of this proof is verifying Property 4. Let E be an entourage in X, D be
an entourage such that D2 ⊂ E and F be an entourage such that for all g ∈ G, g(F ) ⊂ D. We will show that π(F)2 ⊂
π(E). If (a, b) ∈ π(F)2 then for some (x, y), (w, z) ∈ F , a = π(x), b = π(z) and π(y) = π(w) := c ∈ X/G. By
definition there is some g ∈ G such that g(y) = w. Moreover (g(x),w) ∈ D and (since the identity map is in G)
(w, z) ∈ D. By definition, (g(x), z)) ∈ D2 ⊂ E and since π(g(x)) = π(x) = a, (a, b) ∈ π(E).
To see why π is an open mapping, suppose that U is open in X and let π(x) ∈ π(U), where x ∈ U . Since U is open
there is some B(x,E) ⊂ U . Let F be as in Lemma 10. Suppose that y ∈ B(π(x),π(F )). Then there is some z ∈ X
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open. Finally, we will show the two topologies are the same. Since π is uniformly continuous, hence continuous, we
need only show that if V ⊂ X/G with π−1(V ) open, then V is open with respect to U . Let y ∈ V . Since π−1(V ) is
open there is some B(x,E) ⊂ π−1(V ), where π(x) = y. But we have shown that π is open and hence π(B(x,E)) ⊂ V
is open respect to U . 
Notation 12. The uniformity of Theorem 11 will be referred to as the quotient uniformity. Unless otherwised stated,
the quotient of an equiuniform action will always be assumed to have this uniformity.
Remark 13. Suppose G acts equiuniformly on a uniform space X and π :X → Y is a bi-uniformly continuous
surjection such that for each x ∈ X, π−1(π(x)) = Gx. Then the function Gx ↔ π(x) is a natural identification
between Y and X/G as uniform spaces by Lemma 6. We will refer to π as a quotient mapping with respect to G and
identify Y with X/G when necessary. This is analogous to the First Isomorphism Theorem for topological groups.
Let HX denote the group of uniform homeomorphisms of a uniform space X with composition as the operation.
Notation 14. For any uniformity E on X we define
H(E) := {(g,h) ∈ HX ×HX: (g(x),h(x)) ∈ E for all x ∈ X} (2)
and
U(E) := {g ∈ HX: (x,g(x)) ∈ E for all x ∈ X}.
Notation 15. When considering entourages of G×X with the product uniformity we will identify (G×X)× (G×X)
with (G×G)× (X ×X); we will use quadruples (g,h, x, y) for our notation.
Lemma 16. If H is a subgroup of G acting by left translation then for any symmetric open set V containing the
identity, U(E(V )) = V ∩H .
Proof. Some h ∈ H lies in U(E(V )) if and only if (g,hg) ∈ E(V ) for all g ∈ G. But the latter is equivalent to
h−1 ∈ V , which is equivalent to h ∈ V . 
It is known (cf. [8, X.I.1]) that the sets H(E) form a uniformity on the set of all functions from E to itself, called
the uniformity of uniform convergence, but we do not know of a reference for the following extension of this fact.
Theorem 17. The collection of all sets U(E), where E is an entourage in a uniform space X, is a neighborhood
filter base at e that makes HX into a topological group. The sets H(E) are the entourages of the right uniformity
determined by this topology. Moreover, if G is a topological group with the right uniformity and H is a subgroup
acting on G by left translation then this topology coincides with the subgroup topology on H .
Proof. We will check that these satisfy the axioms GV ′I − GV ′III in [8, III.1.2]. Given any entourage E, let F be an
entourage such that F 2 ⊂ E. Let g,h ∈ U(F). Then for all x, (x,h(x)) ∈ F so (h(x), g(h(x))) ∈ F for all x and
therefore (x, g(h(x))) ∈ F 2 ⊂ E for all x. It follows that U(F)2 (this is the product of U(F) with itself with respect
to the composition operation) is contained in U(E), which is what is required for GV ′I . Now
U(E)−1 = {g−1: (g(x), x) ∈ E}.
But if g−1 ∈ U(E)−1 then (x, g−1(x)) = (g(g−1(x)), g−1(x)) ∈ E for all x and therefore g−1 ∈ U(E). That is,
U(E)−1 ⊂ U(E). This proves GV ′II . Moreover the opposite inclusion holds; i.e., the sets U(E) are symmetric. For
the third axiom let E be an entourage and let g ∈ HX . Since g is a uniform homeomorphism, g(E) is an entourage.
Suppose that k ∈ U(g(E)) and let h := g−1 ◦ k ◦ g. Since (k(x), x) ∈ g(E) for all x, (g−1(k(x)), g−1(x)) ∈ E for
all x. In particular,(
h(x), x
)= (g−1(k(g(x))), x)= (g−1(k(g(x))), g−1(g(x))) ∈ E.
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GV ′III .
To show the second statement simply note that (g(x),h(x)) ∈ E for all x if and only if (x,h(g−1(x))) ∈ E for
all x, and therefore (g,h) ∈ H(E) if and only if g ◦ h−1 ∈ U(E).
To prove the last statement, let V be a symmetric open set about e. Then since V is symmetric, if H acts as left
translations,
H ∩U(E(V ))= {g ∈ H : (x, gx) ∈ E(V ) for all x ∈ G}
= {g ∈ H : xx−1g−1 ∈ V for all x ∈ G}
= H ∩ V. 
Notation 18. When we consider groups of bijections G ⊂ HX we always intend G to have the subspace uniformity,
which is the uniformity of uniform convergence restricted to G. We will abuse notation slightly: for any subgroup
G of HX we will use U(E) to denote U(E) ∩ G, and similarly with H(E). No confusion should result because the
difference simply involves changing HX to G in (2).
Lemma 19. If G is an equiuniform group acting on a uniform space X then the left and right uniformities of G (as
a subgroup of HX) are the same. In particular, for any entourage E in X there exists an entourage F in X such that
U(F)−1 ⊂ U(E).
Proof. According to Exercise 3, p. 306 in [8], we need only show the following: If E is an entourage in X then there
is an entourage F in X such that for all g ∈ G, gU(F)g−1 ⊂ U(E). Let F be such that gF ⊂ E for all g ∈ G. If
h ∈ U(F) then (h(y), y) ∈ F for all y, which implies (hg−1(x), g−1(x)) ∈ F for any g ∈ G and x ∈ X. But then
(ghg−1(x), x) ∈ E for any x and so ghg−1 ∈ U(E). The last statement is now a consequence of the above cited
exercise. 
Theorem 20. If X is a Hausdorff (respectively complete) uniform space then HX is Hausdorff (respectively complete).
Proof. Suppose X is Hausdorff and g = HX\{e}. Then for some x ∈ X, g(x) = x. Therefore there is an entourage E
in X such that (x, g(x)) /∈ E. But then g /∈ U(E). Since a topological group is Hausdorff if and only if the intersection
of all sets of a basis for its topology at e is {e}, HX is Hausdorff. The latter statement is a consequence of Theorem 1
[8, X.I.5]. 
Proposition 21. Let X be a uniform space and G be an equiuniform subgroup of HX . Then α :G × X → X is bi-
uniformly continuous and φx is uniformly continuous for any x ∈ X.
Proof. The definition of equiuniform requires that for any entourage F in X there is an entourage E in X such
that α(G × E) ⊂ F and therefore α is uniformly continuous. We will next show that for any entourage F in X,
F ⊂ α(H(F)× F). If (a, b) ∈ F then since (IX, IX) ∈ H(E),
(a, b) = (IX(a), IX(b)) ∈ {(g(x),h(y)): (g,h) ∈ H(F) and (x, y) ∈ F}
= α(H(F)× F ).
Now every entourage in G×X contains an entourage of the form H(F)×F and therefore its image under α also
contains an entourage and hence is an entourage. This proves that α is bi-uniformly continuous. Since the inclusion
ix :G → G× {x} is a uniform homeomorphism it follows that φx = α ◦ ix is uniformly continuous.
Recall that a group of bijections G acts properly discontinuously on a topological space X if for every x ∈ X there
is an open set U containing x such that whenever g = e, g(U)∩U = ∅.
Proposition 22. Let G act equiuniformly on a uniform space X. Then the action is properly discontinuous if and only
if it is free and every orbit Gx is discrete. In particular, if G acts properly discontinuously then G is discrete.
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be such that E2 ⊂ F and D be such that for all g ∈ G, g(D) ⊂ E. Suppose that
y ∈ B(x,D)∩ g(B(x,D))⊂ B(x,E)∩B(g(x),E).
Then (x, y) and (y, g(x)) are in E and hence (x, g(x)) ∈ F ∩ (Gx ×Gx) = ΔGx. But this means that x = g(x), and
if the action is free, g = e. Therefore the action is properly discontinuous.
Conversely, suppose that the action is properly discontinuous and let x ∈ X. Then for some entourage E we have
B(x,E) ∩ g(B(x,E)) = ∅ for all g ∈ G\{e}. In particular if g = e then g(x) /∈ B(x,E) and the action is free. Since
the action is equiuniform there exists an entourage F such that for all g ∈ G, g(F ) ⊂ E. If (g(x),h(x)) ∈ F then
(x, g−1h(x)) ∈ g−1(F ) ⊂ E. In other words, g−1(h(x)) ∈ B(x,E) and so g−1h = e and g = h. That is, (Gx ×
Gx) ∩ F = ΔGx and by definition Gx is discrete. Now we have, by Proposition 21, a uniformly continuous map
φx :G → Gx that is injective since the action is free. In particular the inverse image of ΔGx is an entourage and
equal to ΔG, which means G is discrete. 
Definition 23. Let G be a topological group and H be a subgroup. H is called weakly central if for every symmetric
open set U at e in G there exists a symmetric open set V at e in G such that for all g ∈ H , gVg−1 ⊂ U .
Proposition 24. If H is a subgroup of a topological group G with the right uniformity. Then
(1) H is equiuniform when considered as a group of right translations.
(2) H is equiuniform when considered as a group of left translations if and only if H is weakly central.
In either case, if G/H is endowed with the same (i.e. left or right) uniformity as G then the topology on G/H is
the quotient topology and the quotient map π :G → G/H with respect to the action is identical to the usual quotient
map of topological groups.
Proof. When H acts by right translations H actually takes every entourage to itself, which is stronger than equicon-
tinuity (this type of action will be discussed in more detail in the next section). If H acts by left translations then
equiuniformity means for every symmetric open set U about e there exists a symmetric open set V about E such that
for all g ∈ H , gE(V ) ⊂ E(U). Equivalently, for all g ∈ H and (h, k) ∈ E(V ), (gh,gk) ∈ U . This in turn is equivalent
to: for all g ∈ H , if hk−1 ∈ V then ghk−1g−1 ∈ U . Since every element of V is of the form hk−1 for some h and k,
this completes the proof of the second statement. The final statement follows from the last part of Theorem 11. 
Remark 25. At this point it is worth emphasizing that for a topological group G with right uniformity and subgroup
H , the subspace topology on H is always the same as its topology when considered as a group of left translations
(see Theorem 17), but it is equiuniform when it acts by right translations. Our only guarantee that these two coincide
is that the subgroup be weakly central, which of course is true when H is central. This sheds some light on the
seemingly mysterious requirement in [1] that the kernel of a generalized covering epimorphism be central (see also
Proposition 38). In the special case when H = G we already know from Lemma 19 that the action by left translation
is equiuniform if and only if left and right uniformities of G are the same.
4. Isomorphic and prodiscrete actions
Definition 26. Let X be a uniform space and G be a group of bijections of X. An entourage E is called G-invariant if
f (E) = E for every f ∈ G. We will denote the collection of all G-invariant entourages of X by EG. If EG contains a
base for the uniformity of X then we will say that X acts isomorphically (with respect to EG).
Note that an isomorphic action is certainly equiuniform.
Example 27. If X is a metric space then any group G of isometries of X acts isomorphically because all entourages
Eε are invariant. By definition, the action of a subgroup of a topological group with the right uniformity, by left
translation, is isomorphic.
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with quotient maps η :X → X/H and π :G → G/H . Then
(1) The quotient action of G/H on X/H is equiuniform.
(2) If E is an invariant then η(E) is invariant. In particular, if the action of G is isomorphic then the action of G/H
is isomorphic.
(3) For any entourage E in X we have π(U(E)) ⊂ U(η(E)). In particular the quotient topological structure on the
group G/H is finer than the topology of uniform convergence, and π is continuous with respect to the latter
topology.
(4) The correspondence Gx → (G/H)(Hx) is a well-defined bijection with which we may identify X/G and
(X/H)/(G/H).
Proof. To see why the quotient action is equicontinuous, let E be an entourage in X, F be an entourage in X such
that for all g ∈ G, g(F ) ⊂ E and (using Lemma 10) D be an entourage in X such that if (Hx,Hy) ∈ η(D) then for
some h ∈ H , (h(x), y) ∈ F . We will show that for any g ∈ G, Hg(η(D)) ⊂ η(E). Let (Hx,Hy) ∈ η(D) and h ∈ H
be such that H(h(x), y) ∈ F . Choose h′ ∈ H such that gh = h′g (since H is normal). Then(
h′g(x), g(y)
)= (gh(x), g(y))= g(h(x), y) ∈ E
and therefore
Hg(Hx,Hy) = (Hg(x),Hg(y))= (H (h′g(x)),Hg(y)) ∈ η(E)
and equiuniformity is proved.
Now let E ∈ EG. Then
Hg
(
π(E)
)= {(Hg(x),Hg(y)): (x, y) ∈ E}.
Now (x, y) ∈ E if and only if (g(x), g(y)) ∈ E and it follows that Hg(π(E)) = π(E).
To prove the third part note that for any entourage E in X we have Hg ∈ π(U(E)) if and only if for some
h ∈ H , (hg(x), x) ∈ E for all x ∈ X. This implies that (HgHx,Hx) = (Hg(x),Hx) ∈ η(E) for all Hx and hence
Hg ∈ U(η(E)).
For the last part note that if Gx = Gy then gx = y for some g ∈ G. But then Hg(Hx) = Hg(x) = Hy and
therefore (G/H)(Hx) = (G/H)(Hy). If Hg(x) = Hg(Hx) = Hy then g(x) = hy for some y ∈ H , which means
h−1g(x) = y and Gx = Gy. That is, the correspondence is a well-defined injection, which is also clearly surjective.
An arbitrary uniformity in X/G is a set of the form {(Gx,Gy): (x, y) ∈ E} for some entourage E in X. On the other
hand an arbitrary uniformity in (X/H)/(G/H) is of the form {((G/H)Hx, (G/H)Hy): (x, y) ∈ E} and therefore
these two spaces may be identified as uniform spaces.
Remark 29. We do not know whether, in general, the two topologies on G/H in the above proposition must be the
same. The (abstract) quotient homomorphism is still continuous (hence uniformly continuous), but we cannot assume
that it is open, hence a quotient homomorphism of topological groups. This has the potential to create confusion.
However, our previously stated convention is to always use the topology of uniform convergence and in particular we
use this topology rather than the quotient topology on G/H when G/H is a group of bijections.
Definition 30. Let G be a group of bijections of a uniform space X. If E is an entourage in X, let KE (respectively NE)
denote the subgroup generated by (respectively smallest normal subgroup containing) SE := {g ∈ G: (g(x), x) ∈ E
for some x ∈ X}. If for every entourage E there is some entourage F such that NF ⊂ U(E) then we say G acts
prodiscretely. If for some entourage F , KF = {e} (so KF = NF ) then we say G acts discretely.
Theorem 31. Suppose that X is a uniform space, G is a group of bijections of X and E is an entourage. Then
(1) U(E) ⊂ SE , and KE and NE are open in G.
(2) If E is invariant then KE is normal and hence KE = NE .
(3) If G acts prodiscretely on X and H is a subgroup of G then H acts prodiscretely on X.
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(5) If G acts equiuniformly and prodiscretely on X and H is a normal subgroup of G then G/H acts prodiscretely
on X/H .
Proof. If g ∈ U(E) then for all x ∈ X, (g(x), x) ∈ E and hence g ∈ SE ⊂ KE ⊂ NE . Since any subgroup of a
topological group containing an open set is open, KE and NE are open.
For part (2), note that since SE generates KE we need only show that if g ∈ SE and h ∈ G then h−1gh ∈ SE .
In fact, if (g(x), x) ∈ E for some x then, letting y = h−1(x) we have (g(h(y)), h(y)) ∈ E. Since E is invariant
(h−1gh(y), y) ∈ h−1E = E and therefore h−1gh ∈ SE .
For the third part, simply observe that NE ∩ H is a normal subgroup of H that contains SE ∩ H and is contained
in U(E)∩H .
For the last two statements, consider an arbitrary normal subgroup H of G, let η :X → X/H be the quotient map
and π :G → G/H be the quotient homomorphism. Fix an entourage E and let D be an entourage such that k(D) ⊂ E
for all k ∈ G. We will show that Sη(D) ⊂ π(NE), which implies
Nη(D) ⊂ π(NE). (3)
Suppose that Hg ∈ Sη(D); that is, for some x ∈ X,
(HgHx,Hx) = (Hg(x),Hx) ∈ η(D).
By definition there exist h1, h2 ∈ H such that (h1(g(x)), h2(x)) ∈ D. This implies that (h−12 h1g(x), x) ∈ E, which in
turn implies h−12 h1g ∈ SE ⊂ NE and hence Hg ∈ π(NE). Letting H = NE in formula (3) proves part (4). Given any
entourage η(F ) in X/H we can find an E such that NE ⊂ U(F) and hence by Proposition 28
π(NE) ⊂ π
(
U(F)
)⊂ U(η(F )).
The last part now follows from formula (3). 
Corollary 32. Suppose that G acts prodiscretely on a uniform space X. Then
(1) {NE} is a basis for the topology of G at e.
(2) If G acts discretely then G is discrete and each orbit of G is discrete.
(3) If G is complete then G is prodiscrete.
Proof. The first statement is clear from the definition and Theorem 31. If G acts discretely then {e} is in a basis for
the topology of G and G is discrete. If KE is trivial then whenever (g(x), x) ∈ E it must be that g = e. In other words,
E ∩Gx = ΔX and Gx is discrete. For the third part, note that a group is prodiscrete if and only if it is complete and
has a basis for its topology consisting of open normal subgroups. 
Lemma 33. If G is Hausdorff and acts prodiscretely then the action must be free.
Proof. Suppose that g(x) = x. Then (g(x), x) ∈ E for every E and hence g ∈ U(E) for every E. Since G is Hausdorff
g = e. 
Corollary 34. Any discrete equiuniform action is properly discontinuous.
Proof. If G acts discretely then G and its orbits are discrete by Corollary 32 and hence G is Hausdorff. By Lemma 33
the action is free. Proposition 22 now finishes the proof. 
Example 35. The action of {e, 1
x
} on (0, 12 ] ∪ [2,∞) with the usual metric is discrete but not equiuniform. The same
action on (0,1)∪ (1,∞) is properly discontinuous but not prodiscrete or equiuniform. The action of the identity and
reflection about the y-axis on the graph of f (x) = 1
x2
with the metric induced by the plane is properly discontinuous
and isometric but not prodiscrete.
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space X then each orbit Gx of G in X is complete.
Proof. Let F be a Cauchy filter in an orbit Gx; so every element of F is of the form Ax for some A ⊂ G. Define
F ′ to be the set of all A ⊂ G such that Ax ∈ F . Since the action is free by Lemma 33, (A ∩ B)x = Ax ∩ Bx and it
follows that F ′ is a filter. Moreover, F ′ is also Cauchy. In fact, let E be an entourage in X, D be an entourage such
that U(D)−1 ⊂ U(E) (via Lemma 19) and F be an entourage such that NF ⊂ U(D) and C be an entourage such that
gC ⊂ F for all g ∈ G. Since F is Cauchy, Ax ×Ax ⊂ C for some A ∈F . We will be finished with the proof that F ′
is Cauchy if we show that A×A ⊂ H(E). If (g,h) ∈ A×A then (gx,hx) ∈ C and therefore (h−1gx, x) ∈ F , which
implies that h−1g ∈ SF ⊂ NF ⊂ U(D). That is, hg−1 ∈ U(E) and so (g,h) ∈ H(E).
Since G is complete, F ′ has a limit g ∈ G. We will show that gx is a limit of F . Let E be an entourage in X and
D be an entourage such that gD ⊂ E for all g ∈ G. Since F ′ is convergent to g and the left and right uniformities of
G are the same (Lemma 19), gU(D) is open and hence contained in F ′. We have gU(D)x ∈ F . If k ∈ U(D) then
(kx, x) ∈ D and (gkx, gx) ∈ E. In other words, gU(D)x ⊂ B(gx,E), which implies that B(gx,E) ∈ F . In other
words, F converges to gx. 
Definition 37. If G is a complete, Hausdorff subgroup of HX and acts isomorphically and prodiscretely on a uniform
space X then the action is called a cover with covering group G and the quotient map π :X → Y = X/G is called a
covering map. If G acts discretely then the cover is called discrete.
Note that according to Lemma 33, the action of a cover must be free.
Proposition 38. If φ :G → H is a cover in the sense of [1] then it is a cover in the sense of the present paper.
Proof. In [1] a cover is defined to be a quotient homomorphism φ :G → H of a Hausdorff group G having central,
prodiscrete kernel K . Since K is central, K acts isomorphically on G by either left or right translation. Note that K
is complete, hence closed in G. The subspace topology on K coincides with the topology of uniform convergence by
Theorem 17. Proposition 24 implies that the quotient map with respect to the action of K is identical to the quotient
map of the topological groups; that is φ is the quotient map with respect to the isomorphic action of K on G. Now
let E(U) be an entourage in G, where U is a symmetric open set containing the identity. Since K is prodiscrete
there is some open normal subgroup N := K ∩ V , where V ⊂ U is a symmetric open set containing e. Suppose that
k ∈ SE(V ); that is, (kg, g) ∈ E(V ) for some g ∈ G. Since K is central, this means k ∈ V ∩ K = N = U(E(V )) by
Lemma 16. In other words, SE(V ) ⊂ N and NE(V ) ⊂ N = U(E(V )). Therefore the action is prodiscrete and the proof
is complete. 
The proof of the next lemma is immediate from our prior results:
Lemma 39. If π :X → X/G is a cover and H is a subgroup of G then η :X → X/H is a cover. If H is a normal
subgroup of G then θ :X/H → X/G is a cover with covering group G/H .
5. Inverse systems of group actions
Definition 40. We say that an inverse system {Xα,φαβ}α∈Λ of sets and an inverse system {Gα, θαβ}α∈Λ of groups are
compatible if each group Gα acts on Xα and whenever α  β and g ∈ Gβ ,
φαβ ◦ g = θαβ(g) ◦ φαβ. (4)
Proposition 41. Let {Xα,φαβ}α∈Λ and {Gα, θαβ}α∈Λ be compatible inverse systems with G := lim←−Gα and X :=
lim←−Xα and let φα :X → Xα and θα :G → Gα be the projections. Then G acts on X via the action (gα)((xα)) =
(gα(xα)), and if each Gα acts freely then G acts freely. Moreover, if {Xα,φαβ} is an inverse system of uniform spaces
then
(1) If each Gα acts equiuniformly then the action of G on X is equiuniform.
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(3) If each Gα acts isomorphically and prodiscretely then G acts prodiscretely on X.
Proof. For the general statement the main thing to check is that if (gα) ∈ G and (xα) ∈ X then (gα(xα)) ∈ X. In fact,
if α  β then gα = θαβ(gβ) and xα = φαβ(xβ) and from Eq. (4) we have
φαβ
(
gβ(xβ)
)= θαβ(gβ)(φαβ(xβ))= gα(xα),
which proves (gα(xα)) ∈ X. Since (gα) ◦ (gβ) = (gα ◦ gβ), G is a group of bijections of X. It is clear that if each Gα
acts freely, so does G.
Now suppose {Xα,φαβ} is an inverse system of uniform spaces. For the first part suppose the system is equiuniform.
Let E = φ−1β (Eβ) be an entourage in X, where Eβ is an entourage in Xβ and let Fβ be an entourage in Xβ such that
gβ(Fβ) ⊂ Eβ for all gβ ∈ Gβ . Define F := φ−1β (Fβ). Let g = (gα) ∈ G. If ((xα), (yα)) ∈ F then (xβ, yβ) ∈ Fβ and
(gβ(xβ), gβ(yβ)) ∈ Eβ , which means (g(xα), g(yα)) = (gα(xα), gα(yα)) ∈ E.
For the second part note that if Eβ ∈ EGβ , (xα) ∈ φ−1β (Eβ) and (gα) ∈ G then gβ(xβ) ∈ Eβ and hence (gα)(xα) ∈
φ−1β (Eβ), so φ
−1
β (Eβ) is invariant. If the system is isomorphic then certainly {φ−1α (EGα)}α∈Λ is a uniformity base
for X.
We will now prove part (3). Let E := φ−1β (Eβ) be an entourage in X, where Eβ is an entourage in Xβ . Since
Gβ acts isomorphically and prodiscretely there exists some invariant entourage Fβ such that KFβ ⊂ U(Eβ). Define
F := φ−1β (Fβ) and note that F is invariant by part (2) and therefore KF = NF by Theorem 31. We will show
KF ⊂ θ−1β (KFβ ) ⊂ U(E) (5)
which will complete the proof of this part. If g ∈ KF then g = g1 · · · gk where gi = (giα) has the property that
(gi((xα)), (xα)) ∈ F for some (xα). This implies that (giβ(xβ), xβ) ∈ Fβ , which means that giβ ∈ SFβ . Therefore
θβ(g) = θβ
(
g1
) · · · θβ(gk)= g1β · · · gkβ ∈ KFβ .
To show the second inclusion of (5), let (gα) ∈ θ−1β (KFβ ). Then gβ ∈ KFβ ⊂ U(Eβ), which implies (gβ(xβ), xβ) ∈
Eβ for all xβ ∈ Xβ . This, in turn, implies that ((gα)((xα)), (xα)) ∈ E for all (xα) ∈ X. By definition, (gα) ∈ U(E). 
Definition 42. Let {Xα,φαβ} and {Gα, θαβ} be compatible inverse systems, where Gα acts on Xα for all α. The action
described by Proposition 41 will be called the inverse limit action. Denote kerθαβ by Kαβ . We say that {Xα,φαβ}
and {Gα, θαβ} comprise an inverse system of actions if for every α  β and x ∈ Xβ , Kαβx = φ−1αβ (φαβ((x))). If
the action of Gα is equiuniform (respectively isomorphic) then we simply say the system is equiuniform (respectively
isomorphic). If the system is equiuniform and each φαβ is a bi-uniformly continuous surjection then we say the system
is a system of quotients.
Put another way, {Xα,φαβ} and {Gα, θαβ} comprise a system of actions if and only if they are compatible and the
orbits of the action of Kαβ are the same as the sets identified by φαβ . They comprise a system of quotients essentially
if we may always identify Xα with Xβ/Kαβ as uniform spaces (see Remark 13) and φαβ is the quotient map.
Lemma 43. Suppose {Xα,φαβ} and {Gα, θαβ} are compatible inverse systems and each Gα acts freely on Xα . Assume
that for all α  β and x ∈ Xβ , if φαβ(x) = φαβ(y) then there is some g ∈ Gβ such that g(x) = y. Then the systems
comprise an inverse system of actions.
Proof. Let y ∈ φ−1αβ (φαβ((x))) and g ∈ Gβ be such that g(x) = y. By Eq. (4), we have φαβ(x) = φαβ(y) =
θαβ(g)(φαβ(x)), and since the action is free, g ∈ Kαβ . Now let y ∈ Kαβx; so y = g(x) for some g ∈ Kαβ . According
to Eq. (4) we have that φαβ(x) = φαβ(g(x)) = φαβ(y). 
Theorem 44. Let {Xα,φαβ}α∈Λ and {Gα, θαβ}α∈Λ be an equiuniform system of actions with G := lim←−Gα and X :=
lim←−Xα . Let φα :X → Xα and θα :G → Gα be the projections and Kαβ := ker θαβ . Suppose that each φα is surjective.
Then
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(2) If each φαβ is a cover with group Kαβ then each φβ :X → Xβ is a cover with group Kβ := ker θβ ⊂ G for all β .
Proof. Since each φαβ is bi-uniformly continuous, Lemma 7 implies that each φβ is bi-uniformly continuous. Fix
(xα) ∈ X. If (yα) = k((xα)) for some k = (kα) ∈ Kβ then kβ = e and xβ = yβ . This shows that the orbit Kβ((xα))
is contained in φ−1β (φβ((xα))). We need to show the opposite inclusion to finish the proof of the first part (see Re-
mark 13). Let (yα) ∈ φ−1β (φβ((xα))). By definition yγ = xγ for all γ  β . We will construct a g = (gα) ∈ Kβ such
that g((xα)) = (yα), completing the proof. Suppose first that α  β . Since
φβα(yα) = yβ = xβ = φβα(xα)
and φβα is a quotient map with respect to Kβα , there is some gα ∈ Kβα ⊂ Gα such that gα(xα) = yα . Moreover, since
Kαβ acts freely, this gα is unique. In addition we have from Eq. (4), for any γ  α  β ,
θαγ (gγ )(xα) = θαγ (gγ )
(
φαγ (xγ )
)= φαγ (gγ (xγ ))= φαγ (yγ ) = yα
and by uniqueness, θαγ (gγ ) = gα . If it is not true that α  β then since the indexing set is directed there is some γ
such that γ  α and γ  β . Define gα := θαγ (gγ ) (gγ has already been uniquely determined since γ  β). We have
gα(xα) = θαγ (gγ )
(
φαγ (xγ )
)= φαγ (yγ ) = yα.
Similar calculations verify that for any α  γ we have θαγ (gγ ) = gα and hence (gα) ∈ G. Moreover, since xβ = yβ =
gβ(xβ), gβ = e and (gα) ∈ ker θβ = Kβ .
To prove the second part note that for any β , {Xα,φγα} and {Kβγ , τγα}, where γ  β and τγα is the restriction
of θγα to Kβγ , comprise an inverse system of actions. Moreover, the Kβγ are Hausdorff and act prodiscretely and
isomorphically, hence freely (Lemma 33). We may therefore apply part (1) to conclude that φβ is a quotient with
group Kβ acting prodiscretely and isomorphically. We are left only with the task of showing that Kβ is Hausdorff.
But subgroups and inverse limits of Hausdorff groups are Hausdorff, so Kβ is Hausdorff.
Since Kββ is trivial, Kβ = lim←−Kβγ as abstract groups, while, by Proposition 28 the maps θγα and hence τγα
are uniformly continuous. Since each Kβγ is prodiscrete, hence complete, and inverse limits of complete groups are
complete, we need only show that the topology (of uniform convergence) of Kβ is the topology of the inverse limit.
Now a symmetric open set containing the identity in Kβ is of the form U(φ−1γ (E))∩Kβ where E is an entourage in
some Xγ . Since φ−1γ (E) = φ−1α (φ−1γα (E)) for any α  γ we may assume that γ  β . On the other hand, symmetric
open sets at the identity in lim←−Kβγ are of the form τ−1γ (U(E)), where γ  β and E is an entourage in Xγ and
τγ :Kβ → Kβγ is the projection. Therefore we need to prove that
U
(
φ−1γ (E)
)∩Kβ = τ−1γ (U(E)).
We have (gα) ∈ U(φ−1γ (E)) ∩ Kβ if and only if (gγ (x), x) ∈ E for all x ∈ Xγ and gβ = e. On the other hand,
(gα) ∈ τ−1γ (U(E)) if and only if gγ ∈ Kβγ and (gγ (x), x) ∈ E for all x ∈ Xγ . But gβ = θβγ (gγ ) and Kβγ = ker θβγ ,
so gβ = e if and only if gβ ∈ Kβγ . 
Proposition 45. Let G be a group acting on a set X and suppose {Kα} is a directed set of normal subgroups of
G partially ordered by reverse inclusion. Let Xα := X/Kα and define φαβ :Xβ → Xα by φαβ(Kβx) = Kαx. Let
Gα := G/Kα and define θαβ :Gβ → Gα to be the usual homomorphism θαβ(Kβg) = (Kag). Define ξ :X → lim←−Xα
by φ(x) = (Kαx). Then
(1) {Xα,φαβ} and {Gα, θαβ} comprise an inverse system of actions, where Gα acts on Xα by the quotient action.
(2) If G acts freely and ⋂α Kα = {e} then ξ is injective.
(3) If for any collection of orbits {Kαxα} such that Kαxα ⊂ Kβxβ whenever β  α has nonempty intersection then ξ
is surjective.
Proof. It is clear that {Xα,φαβ} and {Gα, θαβ} are inverse systems. Moreover, for any Kβg ∈ Gα and Kβx ∈ Xβ we
have
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(
Kβg(Kβx)
)= φαβ(Kβg(x))= Kαg(x) = Kαg(Kαx) = θαβ(Kβg)(φαβ(Kβx))
and therefore the systems are compatible. To check that we have a system of actions note that φαβ(Kβx) = φαβ(Kβy)
if and only if Kβx = Kβy which means by definition that there is some k ∈ Kβ such that k(x) = y.
Suppose that G acts freely on X and
⋂
α Kα = {e}. If Kαx = Kαy then there is some g ∈ Kα such that g(x) = y.
Since G acts freely this is the only such g in G. In particular, if Kαx = Kαy for all α then g ∈ Kα for all α and hence
g = e. In other words, ξ is injective.
For the last part let (Kαxα) ∈ lim←−Xα . Note that (Kαxα) = (Kαx) for some x if and only if x ∈ Kαxα for all α. In
addition, (Kαxα) ∈ lim←−Xα if and only if whenever α  β we have Kαxα = Kαxβ , which implies Kβxβ ⊂ Kαxα . The
proposition now follows. 
Notation 46. Given a group G acting on a set X and a directed set {Kα} of normal subgroups of G, we will refer to
the inverse system of actions in the previous proposition as the associated inverse system, and we will use the same
notation as in the proposition.
Proposition 47. Let X be a uniform space, G be an equiuniform subgroup of HX and {Kα} be a directed set of normal
subgroups of G. In the associated inverse system let Xα be given the quotient uniformity. Then
(1) The system is a system of quotients.
(2) If G is isomorphic then the associated system is isomorphic.
(3) The natural map ξ :X → lim←−Xα is uniformly continuous.(4) If the subgroups {Kα} form a basis for the topology of uniform convergence of G at e, then ξ is bi-uniformly
continuous.
(5) If the orbits of each Kα are complete and closed then the natural map ξ :X → lim←−Xα is surjective.
Proof. The first two statements follow from Proposition 28. To prove the third part, let πα :X → Xα denote the
quotient map and φα : lim←−Xα → Xα denote the projection. A basis for the uniformity of lim←−Xα consists of sets of the
form φ−1β (πβ(E)) for some β and entourage E in X. If (x, y) ∈ E then for any β , (πβ(x),πβ(y)) ∈ πβ(E) and(
ξ(x), ξ(y)
)= ((Kαx), (Kαy)) ∈ φ−1β (πβ(E)).
That is, ξ(E) ⊂ φ−1β (πβ(E)) and ξ is uniformly continuous.
For part (4), let E be an entourage in X and let F be an entourage such that F 3 ⊂ E. Let β be such that Kβ ⊂ U(F).
Any element of φ−1β (πβ(F )) ∩ ξ(X) is of the form ((Kαx), (Kαy)) with (Kβx,Kβy) ∈ πβ(F ). This means that for
some h, k ∈ Kβ , (hx, ky) ∈ F . Since h, k ∈ U(F) we also have (hx, x) ∈ F and (ky, y) ∈ F . Therefore (x, y) ∈
F 3 ⊂ E. We have shown that φ−1β (πβ(F ))∩ ξ(X) ⊂ ξ(E) and proved the third part.
For the fourth part consider any collection of orbits {Kαxα} such that Kαxα ⊂ Kβxβ whenever β  α. Then this
collection is a Cauchy filter base (cf. [8]) and, fixing any Kαxα , the collection of those having index β  α is contained
in the complete set Kαxα and therefore is convergent to some x ∈ X. Since each of these orbits is also closed, x must
be in the intersection of the orbits {Kαxα}. The proof is now finished by Proposition 45. 
Theorem 48. Let φ :X → X/G be a cover where X is a Hausdorff uniform space. Then the inverse system associated
with the collection Λ consisting of G and all subgroups NE , where E is an entourage in X, is an inverse system of
discrete covers and the natural mapping ξ :X → lim←−Xα is a uniform homeomorphism. In particular, we may identify
the cover φ with the projection φX/G : lim←−Xα → X/G.
Proof. Since for any E ⊂ F we have NE ⊂ NF , we also have NE∩F ⊂ NE ∩ NF and Λ is a directed set. The fact
that the system consists of discrete covers follows from Theorem 31. Since G is Hausdorff and acts prodiscretely,⋂
E∈ΛNE = {e} and Lemma 33 implies that G acts freely. According to Proposition 45, ξ is injective. According to
Theorem 31 each NE also acts prodiscretely and hence, by Proposition 36 the orbits of each NE are complete and
closed since X is Hausdorff. Applying Proposition 47 we see that ξ is surjective and hence a uniform homeomor-
phism. 
2444 C. Plaut / Topology and its Applications 153 (2006) 2430–2444Example 49. Let T ∞ = S1 × S2 × · · · denote the countable infinite product of circles, metrized using the product
metric with standard metrics on the circles, where each circle Si has circumference 2−i+1. This metric is an invariant
geodesic metric (every pair of points is joined by a shortest path realizing the distance between them) that is geo-
metrically very nice (i.e. “weakly flat”—see [14]). It is a Gromov–Hausdorff limit of flat tori. According to [2], the
generalized universal cover of this group is R∞, the countable infinite product of real lines and the universal covering
homomorphism φ :R∞ → T ∞ is a cover in the sense of the present paper by Proposition 38. The associated inverse
system of this cover is (up to cofinal sequence) the inverse system of traditional covers, starting with T ∞ and “un-
rolling” the circle factors one at a time. So the first cover involves an isometric action of Z on R × T ∞, the second
Z × Z acting on R2 × T ∞, and so on. If we take the standard metric on each R factor and the product metric on
each term in the inverse sequence, then each of these actions is isometric. The inverse limit action is that of Z∞ on
R
∞
, which, as we now know, is an isomorphic action on the uniform space R∞. In fact this action is the action of
Z
∞ considered as a subgroup of R∞. In addition, R∞, being a metrizable group, has an invariant metric (cf. [8]) and
the action of Z∞ is isometric with respect to any invariant metric. However, we will now show there is no invariant
metric on R∞ such if φi :R∞ → Ri × T ∞ is the projection of this inverse system, the quotient metric with respect
to φi is the same as the original metric on Ri × T ∞. Recall that the quotient metric via a group of isometries of a
metric space X, where the orbits of the action are closed, is simply the Hausdorff metric on the orbits considered
as subsets of X. The projection of X to its quotient is distance non-increasing by definition of the Hausdorff metric
(see the survey [15] for background). Now suppose that d is any invariant metric on R∞, and consider the point
x = ( 32 , 54 , 258 , . . . , i + 2−i , . . .) ∈ R∞. Let φi :R∞ → Ri × T ∞ be the projection. Note that
zi := φi(x) =
(
3
2
,
5
4
, . . . , i + 2−i , [2−i+1], [2−i+2], . . .
)
where [2−i+1] denotes the point antipodal to e on Si . Therefore d(zi, e) → ∞ and it is impossible for d(x, e) to have
any finite distance such that each of the projections is distance decreasing, and hence for the quotient metrics to be
the original metrics. In other words, any covering space theory for metric spaces that relies on isometric actions and
quotient metrics is doomed to fail even for such a very nice example.
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